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Abstract - This work deals with the problem of the robust stabilization of minimum phase single- 
input single-output (SISO) systems. A PID controller is proposed for their stabilization, under the 
assumption that the relative degree and the sign of the high frequency gain are known. 
A PID CONTROLLER 
The purpose of this note is a modification of the classical stabilization theory for minimum phase 
single-input single-output (SISO) linear systems to point out the need of using an integrator to 
reject the effects of the entire dynamics of the system (assumed to be completely unknown) so ss 
to naturally yield a PID (proportional-integral-derivative) controller. The PID controllers have 
been studied for a long period by several authors (see e.g., [l-4]), under the assumption that a 
knowledge of the system is available and that an observer can be designed for the estimation of 
the state variables, which are not directly measurable, thus yielding a multi-integrator controller. 
In this note, with reference to minimum phase SISO systems, we will show how a PID con- 
troller (with a single-integrator) can be designed also in the case of completely unknown dynamics. 
Let us consider a SISO linear system described by the following transfer function: 
Y(S) u(s) _ (qs) := H b(s) q H bo ‘,,“++; ,+ bra-r-1 d--l + s”-‘, 
4s) * . * + a,_1 s-1 + s” (1) 
where: n is the number of poles, r is the relative degree, H is the system gain at high frequencies, u 
and y are the input and output variables, respectively, b(s) := bo+bi s+.* .+b,_,_l s”-~-~+s”-‘, 
and o(s) := as + al s + .. - + u,_~ P-l+ s”. 
ASSUMPTIONS. 
(a.11 
(a.21 
(a.3) 
(a.4) 
(a.5) 
The relative degree T is known. 
The transfer function G(s) is minimum phase, i.e., the spectrum of the polynomial b(s) is 
in the open left-half plane. 
The sign u(H) of the high frequencies gain H is known. 
The measure of the output variable y(t) and of its time derivatives y(‘)(t) of order i is 
available up to order T - 1. 
The numerator and the denominator of the transfer function G(s) are relative prime and 
the unobservable and uncontrollable modes are asymptotically stable. 
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REMARKS. 
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(r-1) 
(r-2) 
(r-3) 
(r.4) 
The number n of poles is unknown and can be arbitrarily large. 
Thevaluesofcoefficientsai,i=O ,..., n- 1, bi,i=O ,..., n-r-1,and H areunknown. 
The number of the unstable poles of G(s) is unknown. 
In general (see e.g., [5] in the recent literature), the number of unstable poles is assumed 
to be partially known (the so-called stable-factor uncertainty) and the uncertainties acting 
on the plant to be stabilized are assumed to be additive or multiplicative. 
Under the Assumption (a.5), a minimal realization of G(s) is given by: 
$ = Az+Bu, 
y = c2, 
where 
1 0 0 1 0 1 **. ... 0 
A= I : *. I. 0 0 0 0.. 1 
--a0 --a1 -02 .** --a,-1 
, B= 
0 
0 
0 
H 
(2) 
1 , 
C = [ b. bI ... b,_,_l 1 0 .a. 0 ] . 
It is well known that, the normal form of system (2) can be obtained by defining the following 
new coordinates: 
zi := CA’-‘2, i= l,...,r, 
wi := ti, i = 1 ,...,n-r. 
(3) 
In the new coordinates, we obtain the system in the normal form, which has the following 
structure: 
ii = Zi+l, i = 1 ,...,r- 1, 
.%r = -c~z~-~~~-c,_~z,-~~~~-...-~++..~~~_~+Hu 
r-1 n-r-l 
= -g ci zi+l - C di Wi+l + Ha 
i=O 
tii = Wi+l, i = 1 ,...,n-r-l, 
wn-_r = -b. wl - . . . _ h-r-1 wn--r + a 
n--r-l 
=- - C bi Wi+l 21, 
i=O 
y = 21. 
The equation describing the dynamics of i, can be rewritten as follows: 
%r = f(Zl ,... ,G,Wlr. ..,Wn--r,u)+ % 
(4 
(5) 
where: 
r-1 n-r-1 
f(Zl , . . . , z,, ~1,. . . , an-_r, U) := - C ci zi+l - C 4 wi+l + (H - 1) u. 
i=o i=O 
Under the Assumption (a.2) and that term f is available, i.e., all the state vector is measurable 
and the values of coefficients ci, i = 0,. . . , r - 1, di, i = 0,. . . , n - r - 1, and H are known, a 
possible control law for the stabilization of (4) is: 
21:=-hO%1-hl%2-“‘-hr__lZp-fI -2 hi zi+l - f, (6) 
i=O 
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which guarantees that the eigenvalues of the closed loop system (4), (6) coincide with the roots 
ofh(s)andb(s),withh(s)=ho+hl~+...+h,_~s’-’+sP. Notice that, Equation (6) defines in 
an implicit way the control u which can be rendered explicit in a straightforward manner under 
the assumption H # 0: 
’ u= -77 2 hiri+l-~cizi+l-n~ldiwi+l i=. i=O i=O 
Since all the state vector is not measurable and the values of coefficients ci, i = 0,. . . , r - 1, 
d. O,...,n- i = r - 1, and H are not known, control law (6) cannot be actually implemented. 
A’possible way to overcome this difficulty is the use of an integral action to reject the influence 
of term f, as in the following PID control law which is proposed here for the stabilization of the 
linear system (4): 
T-1 
u := -ho z1 - hl zz - . . . - h,_l .z+ - f^ E - C hi Zi+l- f^, (7) 
i=O 
where 
f = t+kz,, (8) 
t = -k[-k2z,-ku, (9) 
hi,i = O,..., r - 1, are suitable positive constants, and k := d (H) p, with ~1 being a suitable 
positive constant. 
REMARK. 
(r.5) Notice that the realization of the dynamic controller (7)-(g) requires the knowledge of 
the relative degree r, the measure of Zi(t), i = 1,. . . , r (i.e., the measure of y(‘)(t), i = 
0 ,‘.., r - 1) and the sign of parameter H. Hence, under the Assumptions (a.l), (a.3) 
and (a.4), the control law (7)-(g) is well defined. 
ASSUMPTION. 
(a.6) The parameters hi, i = 0, . . . ,r - 1, are chosen so that the spectrum of the polynomial 
h(s) := ho + hl s + . . . + h,_l s’-l + s’ is in the open left-half plane. 
Taking the Laplace transform of Equations (7)-(g), we find the equations of the proposed 
controller in the s domain: 
4s) = -K(s)!/(s), W-9 
K(s) := h(s) - sp + /A o(H) !$. (11) 
The main result of this paper regarding the stability properties of the closed loop system (4), 
(7)-(g), (or equivalently (l), (lo), (11)) can be stated and proved as follows. 
THEOREM 1. Under the Assumptions (a.])-(a.S), there exists a constant value p* such that the 
closed loop system (4), (7)-(g) is asymptotically stable for any p 1 p*. 
REMARK. 
(r.6) In view of Theorem 1, the controller (10) and (11) has the following property: the transfer 
function of the closed loop system (l), (lo), (ll), 
4s) 
T,(s) := 
K(s) H b(s) 
Us) 
Q(S) 
1+ K(s) H b(s) 
=: iqij’ (12) 
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with 
N,(s) := /J IHlb(s) h(s) + i b(H) s (h(s) - s’)) and 
D,(s) := s ~(8) +/J IHI b(s) (h(s) + ; u(H) s (h(s) - s’)) , 
is asymptotically stable for sufficiently high values of parameter p. 
PROOF OF THEOREM 1. Since there exists a polynomial 6(s) having degree deg(6(s)) 5 n such 
that a(s) = b(s) h(s)+6(s), the denominator D,(s) of the transfer function (12) can be rewritten 
as follows: 
D,(s) = (s + p PI) b(s) h(s) + q(s), (13) 
with polynomial q(s) := sS(s) + H s (h(s) - s’) b(s) having degree deg (q(s)) < n. If Dr(S) = 0 
with Re@) 2 0, then 
4(x) 
’ = - b(-f) h(g) - p IHI 
and therefore: 
(14) 
It is noted that, in view of Assumptions (a.2) and (a.6), b(B) # 0 and h(S) # 0 for any S such 
that Re(Z) 2 0. 
Equation (14) implies that 
Since 
m 
I I b(s) h(s) ” IH” 
q(s) 
b(s) h(s) 
(15) 
is proper and asymptotically stable (i.e., deg (q(s)) 2 deg (b(s) h(s)) and b(S) # 0, h(Z) # 0 for 
any s such that Re (z) 1 0), we have that 
is finite and independent of /J. Hence Equation (15) cannot be satisfied for high values of positive 
parameter /.J, thus proving the existence of a positive /.L* such that the closed loop system is 
asymptotically stable for any p 2 ,u*. I 
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